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Third-order optical response of molecular aggregates. 
Disorder and the breakdown of size-enhancement 
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Chemical Physics, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands 
Received I October 1992 
The third-harmonic generation and nonlinear absorption of linear molecular aggregates with energetic disorder are numerically 
simulated. A comparison is made between the local-field approximation (LFA) and exact response theory, and it is shown that 
the validity of the LFA does not improve in the presence of energetic disorder ranging up to the intermolecular interaction. The 
breakdown of size-enhancement of optical nonlinearities caused by energetic disorder is investigated and scaling laws relating the 
nonlinear response to the delocalization range of the exciton states are obtained. 
1. Introduction 
Recently, there has been a growing interest in the 
optical properties of molecular aggregates. One of the 
reasons is that, like other nanostructures, these sys- 
tems may exhibit large, size-enhanced, optical non- 
linearities [ 1,2]. Size-enhancement refers to the fact 
that for an aggregate small compared to an optical 
wavelength, the hyperpolarizabilities do not scale 
proportionally to the number of molecules (N) it 
contains, but rather like Na, with cx > 2 [ 3-5 1. Like 
exciton-superradiance [ 61, size-enhancement is a 
collectivity phenomenon that directly results from 
the intermolecular interactions, which delocalize the 
electronic excitations over the aggregate (Frenkel 
excitons) and concentrate all available oscillator 
strength in one or a few exciton states. It is well- 
known, however, that inhomogeneities (energetic 
disorder) tend to counteract the interactions and lo- 
calize the exciton states on part of the aggregate [ 7,8]. 
If the localization range is appreciably less than the 
aggregate size, the enhancement must break down, 
Both for fundamental reasons and because of its 
practical implications, it is important to characterize 
this breakdown. In this Letter, we address this prob- 
lem by numerically simulating exact expressions for 
the third-harmonic generation (THG ) and nonlin- 
ear absorption of linear chains of coupled two-level 
absorbers described by the Frenkel exciton Hamil- 
tonian with energetic disorder. This model is rele- 
vant for J-aggregates [ 8 ] and conjugated polymers 
with a small amount of charge transfer, like polysi- 
lanes [9-l 11. Furthermore, we address the impor- 
tant question how well the local-field approximation 
(LFA) describes the optical response. It has recently 
been shown that this popular mean-field theory, 
which neglects quantum correlations between the 
molecules within an aggregate [ 121, does not at all 
recover the nonlinear absorption spectrum of ho- 
mogeneous aggregates [ 131. Based on the intuition 
that disorder tends to lessen the importance of in- 
teractions, one might expect that the validity of the 
LFA improves with growing disorder. We investigate 
this by also evaluating the THG and nonlinear ab- 
sorption spectra within the LFA and comparing them 
to the exact results. 
2. Model and general theory 
As model system we consider a linear array of N 
nonpolar two-level molecules with parallel transition 
dipoles of magnitude p. The chain is assumed to be 
small compared to an optical wavelength and is de- 
scribed by the standard Frenkel-exciton Hamilto- 
nian [14], 
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where & (8,) denotes the Pauli creation (annihi- 
lation) operator for an excitation on molecule n. The 
diagonal elements of the Nx N matrix H,,, are the 
molecular transition frequencies R,. We allow for 
energetic disorder by assuming that &=Q+D,, with 
Q the average frequency and D, a random offset that 
is chosen independently for each molecule from a 
Gaussian with standard deviation D. The off-diag- 
onal elements of H,, are the intermolecular inter- 
actions; we restrict to nearest-neighbor interactions 
V, with YK 0 (J-aggregate). Using the Jordan- 
Wigner transformation from the interacting Pau- 
lions to non-interacting Fermions, all 2N eigenstates 
of Z& can be obtained by only diagonalizing the tri- 
diagonal matrix H,,, irrespective of the disorder 
[ 15 1. This enables one to evaluate in a relatively easy 
way the chain’s hyperpolarizabilities through stan- 
dard response theory [ 161. In particular, the third- 
order hyperpolarizability, which is the chain’s lowest 
order nonlinearity, is then obtained as [ 17,181 
Y”)(-@S;w,,%.%) 
= ,crm M3’( - &;wl, c&l%) 
+[Y!3’(w,;-w,,-w2,-w3)l*} 7 
with 
YC3’( -0,; WI 3 WI, w3) r 
2 N 1 
Pa) 
WI 
In eq. (Za), the summation extends over all different 
permutations of the frequencies o,, oz, and o3 of 
the incident laser fields, and w,w, +w2+w3. The 
asterisk denotes complex conjugation. In eq. (2b), 
s;z,( o= 1) . ..) N) are the eigenfrequencies of the ma- 
trix H,, and 2r is the damping rate of a molecular 
excited state population; pure dephasing is not in- 
cluded. The quantity P,,~ is the transition dipole be- 
tween the ground state of the aggregate (with all 
molecules in the ground state) and the one-exciton 
state 1 o), in which the molecules share one excita- 
tion (the conventional Frenkel excitons). The site- 
amplitudes of 1 a) are the components (4, of the cnh 
normalized eigenvector of H,, and its frequency is 
Qp We thus have: po+,=& VI,,,. Similarly, &,a,Q 
denotes the transition dipole between the oneexci- 
ton 1 a) and the two-exciton state I a,q) (a, > u2), 
in which the molecules share two excitations. The 
state I alu2) has frequency 9, t Sz, and pu,,, can 
also be expressed in terms of the eigenvectors &,,, 
[ 15,181. Above, we have for simplicity ignored the 
tensor nature of yC3), so that eq. (2) is strictly valid 
if all incident laser fields are polarized parallel to the 
molecular transition dipoles; extension to the gen- 
eral situation is straightforward [ 171. Eq. (2) is the 
exact expression for the third-order polarizability of 
a single aggregate. In order to find the macroscopic 
susceptibility for a sample that contains a dilute dis- 
tribution of noninteracting aggregates, one has to av- 
erage this expression over the energetic disorder and 
multiply by the average density of aggregates. 
We now turn to the hyperpolarizability within the 
local-field approximation (LFA). In that theory, one 
calculates the nonlinear optical response of an as- 
sembly of interacting molecules by evaluating the re- 
sponse of a single molecule to a local electric field, 
which consists of the external fields plus a contri- 
bution describing the int.eractions with other mole- 
cules [ 161. This scheme is based on a factorization 
approximation for expectation values of operators 
acting on different molecules and is, thus, a mean- 
field approximation [ 121. Within the LFA the hy- 
perpolarizability has the familiar form 
YG!4(---Os;~l.~2r~3)= ~L(~swn(Qh) 
n 
XL(~2bL(W3M3’( -a;%! wz, w3) 7 (3) 
where yy) (-w,; w,, 02, w3) is the third-order hy- 
perpolarizability of molecule n, which can be written 
as eq. (2a), but now with 
372 
Volume 203, number 4 CHEMICAL PHYSICS LETTERS 26 February 1993 
4P4 Y~:‘(-o,:o*,w,,w,)=-~ 
1 
x (w,-a,+ir)(w, -5),+iT)(w3+s2,+iT)’ 
(4) 
The local-field factors L,(w) reduce to unify off-res- 
onance ( lw-1;2 ( > 1 VI ), whereas close to reso- 
nance they are given by [ 18 ] 
(5) 
(w>O;L,(-w)=L,(w)*).Itshouldbenotedthat, 
in contrast to eq. (2), eqs. (3)-( 5) are not re- 
stricted to the linear chain configuration considered 
here. 
It is clear that the LFA differs from the exact the- 
ory in its resonance structure: eqs. (3)-(5) do not 
yield the two-photon resonances that are found in 
eq. (2b) at o1 + w2= 52, t I&,, , If all lasers are tuned 
off-resonance, the two results can be shown to be 
equal by using sum rules for the exciton transition 
dipoles. Furthermore, closer inspection reveals that 
in the vicinity of an exciton resonance, Q, the local- 
field factors do not exhibit a scaling with N. This is 
easiest to see for homogeneous aggregates, where the 
q_,, scale like l/a, but also holds in the presence 
of disorder. In combination with eq. (3), this im- 
plies that on resonance r[$jj is proportional to N. 
Thus, no size-enhancement is found within the LFA. 
By contrast, the exact theory may exhibit an on-res- 
onant scaling with N2 [ 4,171, because in the absence 
of disorder, each dipole scales like ,,& provided that 
the aggregate is small compared to an optical 
wavelength. 
In section 3, we present results for the third-har- 
monic generation and the nonlinear absorption for 
ensembles of disordered aggregates using the above 
expressions for the hyperpolarizabilities in a stan- 
dard numerical simulation. The number of aggregate 
realizations generated at random to obtain the dis- 
order average was typically of the order of 50000. 
(Much larger ensembles were used, however, to sim- 
ulate the nonlinear absorption within the LFA at high 
disorder [ 18 1. ) 
3. Results and discussion 
3.1. Third-harmonic generation 
The intensity of THG from an ensemble of aggre- 
gates isgiven by ZrHocc I (yt3)( -3w; o, w, w))~]‘, 
where o is the laser frequency and ( )d denotes the 
disorder average, Here, we will restrict to the situ- 
ation where 3w is resonant with the one-exciton band 
(wa $2). If we only keep terms in eq. (2) that have 
at least one resonant factor, replace the frequencies 
Q, in all off-resonant denominators by R, and use 
the sum rules 1, ~,uo,~I~=NP~ and L,.,,, L,,, 
XP~,~~,P~,,O=W-- 1 )P’P~,o~ we find 
y’3’( -3W 0 w, CO)=- 4P2 , , fw( cd- LIZ) 
x f Ih,cT12 
n=13W-o,+ir’ 
(6) 
Note that eq. (6) does not exhibit size-enhance- 
ment, but predicts a simple scaling proportional to 
N, giving a THG intensity that scales like N 2. (Size- 
enhancement does occur for w =.Q [ 191. In the LFA 
we may, under the present detuning conditions, use 
L,(o) = 1, so that only L,(3w) must be accounted 
for. Keeping only the resonant term in the molecular 
polarizability, we then immediately recover eq. (6) 
from eqs. (3)- (5 ). We conclude that for o w 48, the 
THG signal predicted by the LFA is exact. This has 
recently also been noted for homogeneous systems 
with periodic boundary conditions [ 19,20 ]_ The 
above derivation shows this equivalence to hold ir- 
respective ofthe disorder. The underlying physical ex- 
planation is that the only resonance is the one of the 
signal beam with the one-exciton band, so that for a 
correct description of the resonance structure (or al- 
ternatively: of the intermolecular interactions) only 
the propagation of the signal, i.e. the linear suscep- 
tibility at 3~0, is needed. This is explicitly visible in 
eq. (6): the resonant factor (the summation over a) 
is proportional to the linear polarizability. As the LFA 
in general exactly describes the linear susceptibility 
[ 181, it should thus also be exact for the present 
nonlinear technique. We believe that a similar ra- 
tionale explains why recent second-harmonic gen- 
eration experiments on Langmuir-Blodgett films 
373 
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could be interpreted very accurately in terms of the 
LFA [21]. 
Fig. 1 displays the THG intensity as a function of 
laser frequency for aggregates of N=40 molecules, 
with r~O.0 11 VI and disorder ranging from D= 0 to 
D= 0.2 ) VI. Llkn,=, denotes the frequency of the lowest 
one-exciton for a homogeneous chain, which has over 
80% of the oscillator strength between the ground 
state and the one-exciton band [ 81. For the lowest 
disorder values also two weaker one-exciton transi- 
tions are clearly resolved. With increasing disorder 
the main peak shows the usual disorder-induced red- 
shift [ 81 and broadens; as a result of motional nar- 
rowing [ 221, however, its fwhm stays much smaller 
than the molecular disorder D. We have analyzed the 
peak intensity as a function of disorder for different 
values of N (N=20, 40, 60). The results are dis- 
played in fig. 2, where we give the normalized peak 
intensity, i.e. the peak intensity divided by N2, as a 
function of the exciton delocalization length at the 
position of the peak intensity. As a measure of the 
delocalization length we calculated Ndel = 1.5 /U- 1, 
where 9~ (I., I pm I 4)d is the inverse ratio of par- 
ticipation [ 8,231. The top point of each data series 
corresponds to the homogeneous chain (D=O), 
where Nde, equal N. Lower values of Nde, correspond 
to increasing inhomogeneity, as disorder localizes the 
exciton states. It is clear from fig. 2 that for vanish- 
ing disorder the normalized peak intensity reaches a 
I”” I ” ‘I 
I” 
-25 0 25 
(30 - Q~=,)lr 
Fig. 1. Intensity of third-harmonic generation as a function of 
fundamental frequency w for aggregates of 40 molecules with 
r= 0.011 VI and energetic disorder D/ 1 VI = 0, 0.025, 0.05, 0.1, 
and 0.2 from top to bottom. Q,, , is the frequency of the lowest 
oneexciton of the homogeneous chain. 




Fig. 2. Normalized peak intensity of THG versus exciton delo- 
calization length for disordered aggregates ofN= 20 ( q ), 40 (0), 
and 60 ( A ) molecules with r= 0.0 I I VI. From top to bottom the 
data points correspond to D/I VI =O, 0.1, 0.2, 0.4, 1.0, 5.0 
(N=20), D/l VI =o, 0.025,0.05,0.1,0.2,0.4,1.0,2.0 (N=40), 
and D/l VI ~0, 0.1, 0.2, 0.4, 0.7, 1.5 (N=60). The drawn line 
has a slope of 3.08. 
value that is independent of N, illustrating the fact 
that there is no size-enhancement. If Ndel is appre- 
ciably less than N ( NdCl 5 f N), the delocalization 
length is no longer limited by the system size and de- 
termined by the disorder only. In that regime, we find 
that Nde, scales approximately like D-o.8o and, as is 
clear from fig. 2, all data then approach a simple 
power law for the peak intensity as a function of the 
delocalization length. The drawn line corresponds to 
IT&peak) cN2N&, , (7) 
with p~3.08. Note that the proportionality to NZ 
does nor express size-enhancement, but results from 
the fact that the intensity is the square of the polar- 
izability. A rationale fir the scaling described by eq. 
(7) can be offered as follows. From eq. (6) it is seen 
that yC3) ( - 3~; w, o, w) is dominated by the typical 
oscillator strength of a state at the exciton bandedge, 
multiplied by the density of states. It is known that 
the oscillator strength scales approximately like 0-O.' 
[ 81, which, given the above scaling of Ndel, is pro- 
portional to N!jj’. To estimate the scaling of the 
density of states, we think of the aggregate as Nf Ndel 
small intervals on which we may consider weakly 
scattered exciton states. From simple first-order per- 
turbation theory in the disorder, it then follows that 
the oscillator strength carrying states on these inter- 
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vals (one per interval) are distributed over an en- 
ergy range RI&, where the last factor is an effect 
of motional narrowing [22]. Thus, the density of 
states scales like N/D& ccNN~k:‘; this scaling is 
indeed found in the simulations. Combining the 
scaling of the oscillator strength and the density of 
states, we predict a value ofj? in eq. (7) of 3.26; the 
6% deviation with the actual value is, in view of the 
crudeness of the arguments, not surprising. 
3.2. Nonlinear absorption 
The nonlinear absorption coefficient of an ensem- 
ble of aggregates is given by &,ccIm( yr3) (-co; 
w, w, -co) ),+ In contrast to the above discussed 
THG, it is easily shown that, on resonance, ANi_ is 
not correctly described by local-field theory. This was 
recently demonstrated for homogeneous cyclic ag- 
gregates: line shape, magnitude, and size-scaling of 
the nonlinear absorption coefficient are found to dif- 
fer profoundly from the exact theory [ 131. Intui- 
tively, one expects that for growing disorder the LFA 
improves, as interactions become less important due 
to the localization of the eigenstates. We have in- 
vestigated this by simulating Am, following from eqs. 
(2) and (3) for disorder values ranging from D=O 
to D= 1 VI. Surprisingly, we find that on resonance 
the performance of the LFA does not at all improve 
over this disorder range. As an example, fig. 3 shows 
the nonlinear absorption spectrum for N=40, 
r= 0.011 VI, and D= 1 VI. Note that, whereas the ex- 
act theory predicts a net bleaching of the absorption 
line, the local-field approximation predicts extra ab- 
sorption. A more detailed report on the nonlinear 
absorption lineshape, in which also other approxi- 
mate theories are evaluated, will be published else- 
where [ 181. 
We now turn to the size-scaling of the exact non- 
linear absorption for disordered aggregates. Fig. 4 
displays the peak value of the bleaching feature in 
the nonlinear absorption spectrum per molecule as 
a function of Ndel. The data were obtained for ag- 
gregates of 10, 20, and 40 molecules. An important 
difference from fig. 2 is that for vanishing disorder 
(the top point of each data series) this quantity is 
not a constant, but scales like N, which demonstrates 
the on-resonance size-enhancement of the nonlinear 
absorption spectrum proportional to N2 [3,4,17]. 
Fig. 4 clearly shows, however, that this enhancement 
breaks down if the disorder increases and N,, gets 
appreciably less than N. Ail data then approach one 
scaling line, which expresses the peak absorption as: 
.&Jpeak)=NN$,, , (8) 
with 6= 2.34. Note the proportionality to N, which 
marks the absence of enhancement. As the resonant 
nonlinear absorption coefficient is governed by the 
Fig. 3. Nonlinear absorption spectrum according to exact re- 
sponse theory (solid) and the local-field approximation (dashed) 
for aggregates of 40 molecules with r=O.Ol 1 VI and D= I VI. 




Fig. 4. Peak bleaching per molecule in the nonlinear absorption 
spectrumforaggregatesofN=lO(A),20(O),and40(O)mol- 
ecules as a function of the exciton delocalization length. 
r= 0.0 1 / VI ; the data points correspond from top to bottom to 
D/l V( =O, 0.05, 0.1, 0.2,0.4,0.8, 1.6 (N=lO and 20) and Dl 
1 V/ ~0, 0.05, 0.1, 0.5, 1.0, 2.0 (N=40). The drawn line has a 
slope of 2.36. 
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Fig. 5. Ratio of peak bleaching per molecule for the nonlinear 
absorption spectra ofaggregates of 20 and IO molecules as a func- 
tion of disorder. T~0.01 1 VI _ 
square of the oscillator strength multiplied by the 
density of states, similar scaling arguments as the ones 
used in section 3.1 lead to a predicted value of 2.51 
for 6. Finally, fig. 5 displays the ratio R,,,,, of the 
peak values of A,, per molecule for aggregates of 20 
and 10 molecules as a function of the disorder D. In 
the case of quadratic size-enhancement, R,,,,, should 
approximately equal 2 (the exact prediction is 1.86)) 
which is indeed observed for D = 0. The fact that in 
fig. 5, Rzo,,o falls to unity for growing D, is a beau- 
tiful alternative demonstration of the breakdown of 
size-enhancement due to disorder. The initial in- 
crease of R,,,,, for weak disorder is not an artefact, 
but results from the fact that in that region motional 
narrowing is still stronger for larger aggregates, re- 
sulting in a larger peak density of states. Of course, 
this does not imply that a small amount of disorder 
is advantageous to obtain a large nonlinear response; 
in fact, it is clear from fig. 4 that weak disorder is 
already very effective in bringing down the peak re- 
sponse. The initial rise of R20,10 only means that large 
aggregates suffer less from the effects of weak dis 
order than small ones. 
4. Summary 
In this Letter, we have presented numerical results 
for the third-harmonic generation and nonlinear ab- 
sorption of disordered molecular aggregates. We have 
shown that, irrespective of disorder, the local-field 
approximation (LFA) is exact for techniques in 
which the only resonance is the one between the sig- 
nal and the one-exciton band. By contrast, in the case 
of multiple resonances with the one- and (or) the 
two-exciton bands (as occurs for nonlinear absorp- 
tion), the LFA does not correctly describe the op- 
tical response, not even for disorder ranging up to 
the intermolecular interaction, which is well above 
values relevant in typical experimental situations 
[ 8,9 1. Finally, we have shown how disorder leads to 
the breakdown of size-enhancement of the hyper- 
polarizabilities and we have obtained and rational- 
ized alternative scaling laws for the nonlinear re- 
sponse as a function of the extension of the exciton 
states. 
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